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AN INVESTIGATION OF FACTORS AFFECTING THE VISCOSITIES 
OF SOLID-LIQUID SUSPENSIONS 
Harold Glenn Blocker 
SUMMARY 
The purpose of t h i s invest igat ion was to develop a method for 
predict ing the v i scos i t i e s of so l id - l iqu id suspensions from well-known 
or e a s i l y - d e t e r m i n a b l e p r o p e r t i e s of the component m a t e r i a l s . Many 
expressions have been suggested by previous invest igators with which 
to describe data for specific systems within ce r ta in l i m i t s , however, 
ce r ta in factors of obvious importance, such as the pa r t i c l e size d i s -
t r ibu t ion and shape and the a t t r ac t i ve forces between p a r t i c l e s , are 
seldom considered. A few of the more recent inves t igators considered 
these factors ind i rec t ly and the i r work suggested the cor re la t ion 
attempted in th i s study. 
The v i scos i t i e s of a number of so l id- l iqu id suspensions were 
measured in a cap i l la ry tube viscometer made by modifying a commercial 
viscometer. Propert ies of the suspension and of i t s components which 
were expected to affect the v i s cos i t i e s of the suspensions were evalu-
a ted . The flow charac te r i s t i c s of the suspensions invest igated were 
analyzed by the use of shear diagrams. 
I t was found that most of the suspensions used in th i s i n v e s t i -
gation were approximately Newtonian except a t the highest concentra-
t ions . For these conditions i t was concluded that the v i s cos i t i e s of 
• • . 
such suspensions could be predicted with moderate accuracy without 
recourse to experimental viscosity measurements by means of the empir-
ical equation 
n0/n = (i - c/c s)
a , 
where [i is the viscosity of the liquid medium, ij. is the viscosity of 
the suspensionj C is the fraction of the total volume occupied by the 
solid particlesj Cs is ~:he fraction of the total volume occupied by the 
solid particles in a bed formed by sedimentation from the suspension 
and a is the geometric standard deviation obtained from particle size 
analysis. A more accurate indication of viscosity may be obtained by 
use of the equation 
H0/|.i = (1 - C/Gs)
k , 
where the value of the constant k is determined from one or more vis-




The flow of f inely-divided sol id materials suspended in l iqu id 
media i s very important in modern engineering. The pipel ine t r a n s -
portat ion and pumping charac te r i s t i c s of suspensions, or s l u r r i e s , of 
sand, paper pulp and coating clays provide important examples. The 
wide-spread handling of such suspensions requires a knowledge of the 
v iscos i ty cha rac te r i s t i c s of these mate r ia l s . Frequently, nowever, 
time does not permit and the need does not jus t i fy an extensive inves-
t i ga t ion of these c n a r a c t u r i s t i e s . "iJhile many expressions have been 
suggested by previous invest igators to describe data for specific sys-
tems over ce r ta in l i m i t s , no generalized re la t ionship has been developed 
by which the v iscos i ty of a suspension a t any given se t of conditions 
can be predicted with assurance. Therefore, t h i s inves t iga t ion was 
i n i t i a t e d in order to provide a method for predict ing the v i s cos i t i e s 
of so l id - l iqu id suspensions from well-known or easily-determinable 
propert ies of the component mate r ia l s . 
Suspensions of so l id pa r t i c l e s are c lass i f i ed in to two general 
types according to the dependence of the v i scos i ty , or apparent viscos-
i t y , on the r a t e of shear during laminar flow. A f lu id i s said to be 
Newtonian when i t s v iscos i ty i s independent of the r a t e of shear, i ^ e . , 
when i t exhibi ts a l inear shear-shearing s t r e s s re la t ionsh ip passing 
through the origin as shown in the shear diagram, Figure 1 . A shear 
SHEARING STRESS 
Figure 1 . Shear Diagrams for Newtonian and Nun-Newtonian Suspensions. 
Thixotropic uiagram Shows hysteresis Loop. 
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diagram is a plot of the rate of shear versus the shearing stress. For 
Newtonian fluids, the inverse slope of this line is constant and equals 
the viscosity of the fluid. 
All fluids which do not satisfy the above requirements are said 
to be non-Newtonian. They have been further classified by Alves (I9h9)9 
for example, into five general types, viz ., (l) Bingham plastics, (2) 
pseudoplastic, (3) dilatant, (k) thixotropic and (5) rheopectic. Typi-
cal shear diagrams of the first four types are illustrated in Figure 1. 
It will be noted that the apparent viscosity of a thixotropic suspen-
sion is dependent not only on the shearing stress, but also on the 
history of the suspension, i.e_., with the duration of the flow. Hheo-
pectic suspensions are certain thixotropic suspensions which will "set", 
or increase rapidly in apparent viscosity, upon being rythmically shaken 
or tapped. 
Almost all pure liquids and many dilute suspensions are Newtonian 
in character. Concentrated suspensions, however, are usually non-New-
tonian, their viscosities varying not only with temperature and compo-
sition, as do the viscosities of dilute suspensions, but also with rate 
of shear and in some cases with the duration of shear. This means that 
the apparent viscosity of a suspension may depend on the physical dimen-
sions of the system in which it will be used and on the velocity of flow 
in the system. It also means that the viscosity of the suspension may 
differ at various levels within a pipeline, for example. At certain 
flow rates and concentrations, the suspension may take on entirely dif-
ferent flow characteristics. An analysis of the situation in the light 
of the liquid's motion and the behavior of particles suspended in the 
k 
l iquid has been considered by Bingham (1922) and by Grr (1$>52). 
Many expressions have been suggested by previous inves t iga tors 
to describe data for specif ic systems within cer ta in l i m i t s . A few of 
the more important r e l a t ionsh ips , those that exhibit the general forms 
to be found, w i l l be c i t e d . 
One of the best-known formulas for d i lu te suspensions was p re -
sented almost f i f t y years ago by Einstein (1906, 1911). The r e l a t i o n -
ship i s 
H - n 0 ( l + 2.5C) , (1) 
where \x is the viscosity of the suspension, (i the viscosity of the 
liquid phase at the same temperature and C is the fraction of the total 
volume occupied by the solid particles. This is a theoretical equation 
based on the assumptions that the particles are spherical, uncharged, 
large in comparison with the liquid molecules and comprise a small 
fraction of the total volume, that there is no slip between the parti-
cles and the liquid and that turbulence is avoided. The equation des-
cribes experimental results at low concentrations but fails at concen-
trations over a few per cent. Eirich, Bunzl and Margaretha (1936) 
confirmed the equation for spheres at concentrations up to five or ten 
per cent, depending on the instrument used. McBain (19$0) cites cases 
where values of the constant of 10 and 35 instead of 2.5 are required. 
Hatschek (1913) proposed a similar equation with a theoretical value of 
h.5 instead of 2.5. Again, experimental confirmation can generally be 
obtained only with dilute suspensions . 
Later, Hatschek (l°20) proposed the relationship 
5 
H = (t0/(l - C
1^) (2) 
for emulsions and used the results of measurements made on a suspension 
of red blood corpuscles to justify his relationship. This equation was 
derived for elastically deformable particles comprising more than half 
of the suspension's volume. It would seem to be an inappropriate 
choice for rigid particles, but it actually describes many suspension 
data better than other equations. Bonilla, et al. (l°5l) used this 
equation satisfactorily to give the viscosity of relatively dilute 
water-chalk suspensions in a heat transfer study. 
Vand (lQ48) developed the theoretical relationship 
[i - u-0(l
 + 2#5G + 7.17C
2 + 16.2C3) . (3) 
His results for glass spheres in a saturated solution of zinc iodide 
and in a mixture of water and glycerine fitted the relationship reason-
ably well up to concentrations of 2$ volume per cent. As far as this 
author knows, no confirmation of Equation 3 has been obtained with 
irregular particles. Guth and Simha (1936) also expressed the viscos-
ity as a function of a power series of the volume concentration of sus-
pended solid material« 
Norton, Johnson and Lawrence (l°liU) developed the equation 
H - n0(l - C) + aC + bC
d , (U) 
where a, b and d are constants, which they found to express the viscos-
ities of clay suspensions to high concentrations. This equation is the 
result of one of the most successful attempts thus far to describe the 
viscosities of suspensions over a wide range of concentrations. How-
ever, the three empirical constants must be evaluated for each system, 
and the equation is not practical for many applications. 
The viscosity of the liquid and the concentration of the solid 
phase are not the only factors affecting the viscosity of a suspension. 
In addition, the size distribution, shape and attractive forces of the 
particles should affect the viscous properties, but they are seldom 
considered. While not taken directly into account, the relationships 
found by Bingham and Durham (1911), Robinson (I9h9) and O r and Dalla-
Valle (195>1*) are dependent on these factors. Since the work of these 
investigators suggested the correlation to be presented below, a brief 
review of their work will be presented. 
Bingham and Durham, found that the fluidity of a suspension, 
i.e., the reciprocal of the viscosity, decreased linearly with in-
creased solid concentration so that, if extrapolated, a fluidity of 
zero was indicated at rather low concentrations. The concentration at 
"aero fluidity" was found to be independent of temperature. Hence, at 
low concentrations, the fluidity could be expressed by 
F - F0(l - C/C0) , (5) 
where F is the fluidity of the suspension, F the fluidity of the 
liquid phase at the same temperature and C0 the fraction of solids at 
"zero fluidity". This equation may be expressed in terms of viscosity 
by the relationship 
V>0/y. = 1 - C/C0 . (6) 
7 
If the value of C is known, this equation expresses the viscosities of 
dilute suspensions with considerable accuracy. 
Robinson (I9h9) derived an expression that was based on assump-
tions similar to those of Einstein with the added concept that specific 
viscosity is not only proportional to the volume concentration, but is 
also inversely proportional to the volume of free liquid in the suspen-
sion. This concept is not unique, but the definition of "free liquid" 
is new. Robinson reasoned that the effective volume of the suspended 
particles is the packed sediment volume, :!.£•* the volume occupied by 
the bed formed by sedimentation of the particles from the suspension 
whose viscosity is being considered. The remainder of the volume is 
the volume of "free liquid". Using these assumptions, Robinson derived 
the relationship 
(V- " Mo)/Ho - kC/(l - SC) , (7) 
where k is a constant and S is the relative sediment volume, defined as 
the volume of the sedimented bed per unit volume of solid particles. 
Qrr and DallaValle (195k) have presented an empirical relationship 
including features of the relationships of Bingham and Durham and of 
Robinson. The relationship may be expressed as 
d > - (1 - C/Cg)1'8 , (8) 
where Gs is the fraction of the solid component of a bed formed by 
gravity sedimentation from the liquid suspension. As may be readily 
seen, Gs is the reciprocal of S and the similarity of Equation 8 to 




Selection of the Viscometer.—Viscosity measurements of suspensions are 
generally complicated by the fact that agitation must be provided in 
order to keep the particles in the suspension. The problem is, there-
fore, to provide a measuring device with a stirring mechanism which 
does not affect the viscosity measurements appreciably and with ade-
quate temperature control. Rotating cup viscometers are not well-
suited for such measurements when heavy suspended particles are used, 
because the agitation necessary to keep the particles in suspension 
would invalidate most measurements. The U. S. Bureau of Standards 
developed a simple viscometer with one multipaddle stirrer and a cap-
illary discharge tube. It is described in more detail by DallaValle 
(19ii8). The apparatus used in this investigation was based on the same 
principle but included a number of refinements. 
Description of the Viscometer.—A commercial Saybolt viscometer manu-
factured by the Portable Products Corporation, C.J. Tagliabue Division, 
Brooklyn, New York, was modified and used as the main component of the 
apparatus. The temperature of the suspension was thermostatically con-
trolled to within 0.1° C. of the desired value. Several alterations 
were made on the viscometer, a schematic drawing of which is shown in 
Figure 2. First, the liquid chamber and orifice of the commercial 
apparatus were replaced with another chamber and a capillary tube. The 
Suspension 
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Figure 2 . Suspension Viscometer . 
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flow-controlling valve was built inside of the fluid chamber, sealing 
the flow from above the capillary. This prevented it from plugging 
with sediment. Second, the thermostated section was extended to cover 
most of the length of the capillary tube by surrounding it with another 
tube through which thermostated oil was passed. Oil was forced through 
the tube by means of a propellor of greater pitch than was originally 
used. Third, the suspension was agitated by means of two multipaddle 
stirrers rotated in opposite directions by means of a Vari-Speed stir-
rer, distributed by WL11 Corporation, Rochester, New Xork. The orifice 
i 
was located in relation to the stirrers so that relatively quiescent 
suspension entered the capillary. It is believed that this decreased 
the so-called end effect, yet provided for an ideal suspension. 
Fourth, a special suspension receiving bulb was designed to provide a 
nearly constant pressure against which flow occurred during any one run 
and to decrease the end effect at the lower end. 
The receiving bulb was really two bulbs, with the capillary ex-
tending into the smaller one. Flow through the capillary was not 
timed, when making a run., until the smaller bulb had filled to the 
lower level mark. The run ended when the fluid filled the larger bulb 
and the level rose to the upper mark. Therefore, the liquid level 
remained almost constant through nearly all of the run. A volume of 
5>3»58 ml. was contained between the level marks of the receiving bulb. 
Finally, a manometer, a 2^-liter jar and an evacuating pump were ar-
ranged so that they could be attached to the receiving bulb and addi-
tional pressure drop could be applied across the capillary. 
Two capillary tubes were used in the investigation. One had an 
11 
average in te rna l diameter of 1.0l±7 mm. and a length of 6k,2 cm. and the 
other a diameter of 1.339 mm, and a length of 6U.ii. cm. As may be seen 
from Figure 2, the lower end of the cap i l l a ry tube extended in to the 
f lu id container so that the v e r t i c a l distance between the levels in the 
two containers was 67.8 cm. when a determination was s t a r t ed and was 
66.2 cm. when the determination was completed. The f lu id container of 
the viscometer was found to contain 30k ml. of f lu id when f i l l e d to the 
leve l from which measurements were begun with the s t i r r e r and thermom-
eter in olace. The chamber was 2-5/8 inches in diameter, 
Auxiliary Equipment.—A glass pycnometer with a ground glass neck 
f i t t e d with a thermometer reading d i rec t ly to 0.2° C. was used to meas-
ure the densi t ies of the so l id s , l iquids and sus tensions when necessary. 
The pycnometer, made by Kimble Glass Division of Owens-Illinois Glass 
Company, Toledo, Ohio, had a volume of approximately 2$ ml. 
Two different opt ical microscopes were used to determine the 
pa r t i c l e size of the materials used in th i s inves t iga t ion . A labora-
tory type microscope with magnifications up to 970 diameters was used 
for the coarser p a r t i c l e s . For the more f inely divided mater ia ls , a 
research metallographic microscope which was capable of magnifications 
up t o lU80 diameters was used. A f i l a r micrometer eyepiece was used 
with both microscopes. All opt ica l equipment was manufactured by the 




Viscosity Measurements.—When the viscosit3r of a liquid or suspension 
was to be determined, the viscometer chamber was filled to a fixed 
level with the fluid under investigation. The entire system was 
allowed to come to temperature equilibrium while being stirred at a 
low rate. The maximum stirring rate possible with the stirrer was 
used while all measurements were being made. When the seal on the 
capillary was released, liquid or suspension flowed through the cap-
illary into the receiving bulb, A stopwatch was used to determine the 
time required for the liquid level to advance from the lower level mark 
on the receiving bulb to the upper level mark. The seal on the capi-
llary was then replaced and a few minutes were allowed for large parti-
cles in the capillary to settle into the receiving bulb. The bulb was 
then removed and immediately replaced with a beaker of water or ethyl-
ene glycol, depending on the liquid in the viscometer at that time. It 
was found that if this were not done, the fine particles settling from 
the suspension remaining in the capillary would collect at the lower 
end and were difficult to remove without damage to the capillary. 
If additional determinations were required at the same or at 
different flow rates, the fluid was returned to the apparatus and the 
procedure was repeated with the desired conditions. Different flow 
rates were obtained by increasing or decreasing the pressure in the 
13 
large jar connected to the receiving bulb. The effective head which 
produced the flow through the capillary was equal to the head of liquid 
or suspension plus the head change caused by the increase or decrease 
in pressure in the large jar. The pressure at the lower end of the 
capillary tube was practically unchanged during most of a run because 
of the design of the receiving bulb and because of the large volume 
connected to it and was considered constant. The pressure on the re-
ceiving flask was adjusted so that streamline flow was expected in most 
of the runs, 
CnT-J oration.—An identical procedure was used for calibrating the vis-
cometer with the exception that fluids of known viscosities were used 
instead of the solid-liquid suspensions used above. One series of 
measurements was made for water with increased or decreased pressure 
drop produced by decreasing or increasing the pressure within the jar. 
Preparation of Solutioas and Suspensions.—The liquid-solid suspensions 
to be tested and the liquid solutions used for calibrating the viscom-
eter were generally compounded in the desired concentrations by nixing 
weighed amounts of each component. Suspension samples taken in the 
course of a related heat transfer investigation were used in some cases. 
A wetting agent was necessary in order to disperse the solid material 
in the cases of graphite and aluminum powders mixed with water. Not 
more than 0.02 per cent by weight of the commercial wetting agent 
Aerosol 0. T. of Stansi Scientific Supplies, Chicago, Illinois, was 
used for this purpose. The densities of the solid components and of 
each fluid system were obtained, either by direct measurement in a pyc-
nometer or by calculation from the weights and densities of the 
li* 
component materials. 
Measurement of Settled Volume.—The volume occupied by the solid compo-
nent in a bed formed by gravity sedimentation from the suspension was 
determined for each liquid-solid system investigated. This information 
was obtained by mixing a weighed quantity of the solid material with 
the liquid to be used in a graduated cylinder and allowing the suspen-
sion to settle for a long time unaer the influence of gravity. The 
volume occupied by the sedimented bed was then read directly on the 
cylinder. Some of the suspensions stood for more than a month; however, 
no change was observed in any case after a few days. The same wetting 
agent was employed and in the same proportions for graphite and alumi-
num powder in water as was used in the investigations for viscous 
properties. 
frfeasurement of Size Distribution.—The size distribution of each of the 
solid materials used in this investigation was determined by measuring 
the diameter of a large number of particles in the optical microscopes 
described above. Approximately 150 particles were measured for each 
material. The data were then analyzed graphically as described by 
DallaValle (19U3) to ge-c the size distributions for each material. 
Recording of Data.—The data taken during the viscosity measurements 
for each fluid system employed were (l) the volume per cent of solids 
in the fluid system (or weight per cent of glycerine in the case of the 
liquid solutions), (2) diameter of the capillary tube, (3) temperature 
of the fluid system, (k) density of the fluid system, (5) time of 
efflux of 53.58 ml. of fluid from the capillary and (6) vacuum or pres-
sure applied to the receiving flask. These data are presented in Table 
i$ 
1 in the Appendix. In addition, (1) the density of the particles used, 
(2) the median size of the particles, (3) the geometric standard devi-
ation of the particles and (k) the volume of solids in the settled bed, 
in each fluid system employed are recorded in Table 2 in the Appendix. 
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CHAPTEH IV 
ANALYSIS OF DATA 
Calibration of Apparatus.—Since the level of the liquid or suspension 
in the viscometer decreased during a determination, the head or pres-
sure causing the flow decreased. The effective head was found to be 
the logarithmic mean head and may be written 
H = (H-L - H2)An(H1/H2) , (9) 
where Hi is the head at the beginning of the measured time interval and 
fi? is the head at the end of the measured time interval. The deriva-
tion of this equation and of Poiseuille's law, from which it is derived, 
is given in the Appendix. In five determinations of the head of fluid 
under gravity flow, the location of the receiving bulb was altered only 
slightly and the effect was negligible. The average value of H-, was 
found to be 67.8 cm. and that of H2 to be 66.2 cm., resulting in a 
value of 67.0 cm. for the logarithmic mean head of fluid under gravity 
flow as calculated from Equation °. The pressure drop through the cap-
illary was obtained by multiplying this value by the density of the 
fluid in the viscometer. 
When decreased or increased pressure drop was produced by de-
creasing or increasing the pressure in the receiving bulb, this addi-
tional pressure was added to the logarithmic mean head which resulted 
from the column of fluid alone; these data were used in preparing shear 
17 
diagrams as discussed below. 
The capillary viscometer is essentially a simple device in which 
a fixed volume of fluid flows through a capillary tube of certain 
length and diameter under the influence of a given pressure in a cer-
tain time. However, every instrument of the type used in this investi-
gation has a certain innerent defect for which correction must be made 
if accurate results are to be obtained. The liquid undergoes an accel-
eration as it enters and when it leaves the capillary tube. Some tur-
bulence is also introduced so that only a part of the work done by the 
driving force is accounted for by the friction within the caoillary 
tube. A correction must be applied which is called the kinetic energy 
correction. 
Poiseuille's equation, derived in the Appendix, may be written 
H = nlAgctAFA28LV , (10) 
where D is the diameter of the capillary, AP is the pressure drop 
through the capillary, L is its length and v" is the volume of fluid 
flowing through the capillary in the time t. It is based on the as-
sumption that all energy is employed in overcoming the viscous resis-
tance of the liquid and is strictly applicable only to conditions in a 
length of the capillary where neither turbulence nor acceleration are 
present. An early attempt to arrive at the kinetic energy correction 
was made by Hagenbach (i860), but Wilberforce (1891) detected a slip in 
Hagenbach's reasoning and is generally given credit for arriving at the 
correct relationship. However, Bingham (1922) states that others had 
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where m is a constant that depends on the design of the viscometer. 
When streamline flow exists throughout the length of the capillary 
tube, Hall and Fuoss (l°£l) contend that m » 1, but that in fact, tur-
bulence is introduced at each end of the capillary tube and the value 
of m is unknown. However, because much experimental evidence indicates 
that Equation 11 should be accepted, they recommend that the actual 
analysis be made graphically* using the form of this equation. For an 
instrument of the type used in this analysis, with a fixed head of flow 
and with identical volumes of fluid flowing in each run, this equation 
can be put in the form 
n/p - at - b/t , (12) 
where 
a a JiD^gcAPA28LVp 
and 
b « mV/8*L . 
Since the pressure drop through the capillary is caused by the head of 
fluid, AP is directly proportional to p and a is a constant, even 
though it contains AP and p, both variables. Multiplying both sides of 
Equation 12 by t and noting that n/p • v, the kinematic viscosity, a 
linear form of the equation, 
vt = at2 - b , (13) 
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is obtained. The constants a and b may be evaluated as the slope and 
intercept, respectively., of the straight line resulting when ^t is 
o 
plotted as ordinate versus t as the abscissa. The viscometer was cal-
ibrated by this procedure using the data from the water and water-gly-
cerine measurements with the two capillary tubes. A recent determina-
tion of the viscosity of water at 20° C. with greater accuracy than was 
formerly possible was reported in Chemical and Engineering Mews (195)2). 
The new value, 0.01002 poise, indicates that the values given by Lange 
(I9h9) are about 0,3 per cent too high. However, the viscosities and 
densities of these liquids as given by Lange were accepted as correct, 
since the resulting error is less than the other experimental errors 
involved in these measurements. The viscosity and density of the 
ethylene glycol were taken from a publication of the Carbide and Carbon 
Chemicals Corporation (191*7). The calibration curves are shown in Fig-
ure 3. The points plotted in this figure and the resulting values for 
the constants a and b of Equation 12 are given in Table 3 in the Appen-
dix. 
Calculation of Viscosities.—The viscosities of the suspensions were 
calculated from the experimental data taken when the suspensions flowed 
under a pressure equivalent to their head only, using Equation 12 and 
the values of a and b obtained by the calibration. As an example, Run 
No. 27 was made with the 1.339 mm. capillary under gravity flow (See 
Table 1.). In this run, a suspension of water and 16.00 volume per 
cent graphite at a temperature of 36.0° C. had a density of l.l£lj g./nl. 
and required 13.1*97 minutes to fill the viscometer receiving bulb. 
From Table 3 the constants a and b are seen to be 0.9800 and 0.092, 
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Figure 3. Calibration Curves for the Two Capillaries Used 
with the Viscometer. 
respec t ive ly , when time i s expressed i n minutes, v i scos i ty i n c e n t i -
poise and density in grams per m i l l i l i t e r . Then, using Equation 12, 
li - apt - bp/ t = 0.9800 x 1.151* x 13.1*97 
- 0.092 x 1.15k/13.1*97 " 15.51* cent ipoise . 
This value of the v iscos i ty i s shown for Run No. 27 in Table 1* i n the 
Appendix. 
In order tha t r e su l t s from different suspensions might be more 
readi ly compared, the concentration of so l ids i n the suspension and the 
resu l t ing v i scos i t i e s were computed on a reduced b a s i s . Thus, the r e -
duced volume of sol ids i s defined as the r a t i o of the volume f ract ion 
of pa r t i c l e s in the suspension, C, to tha t i n a s e t t l e d bed, C . The 
reduced v iscos i ty i s s imi lar ly defined as the r a t i o of the v iscos i ty of 
the pure l iqu id phase, u^, to tha t of the suspension, [i3 a t the same 
temperature. Thus for the example above, Gs may be found from Table 2 
to be 0.261* and then C/Cs - 0.606. The v iscos i ty of water a t 36.0° C. 
i s given by Lange (19l*9) as 0.707 centipoise and from the v i scos i ty of 
the suspension calculated above, \x i s seen to be 15.51* centipoise and 
tx0/ti * 0.061*. Values of C/Cs and [IQ/\J. were calculated for each run by-
gravi ty flow and are a lso presented in Table h in the Appendix. 
Calculation of Shear Diagrams.—Flow measurements were made a t d i f fe r -
ent r a t e s of flow on three of the f lu id systems in order that shear 
diagrams might be obtained. The shear diagrams give a be t t e r ind ica-
t ion of the viscous behavior of the suspensions, although the analysis 
i s not s t r i c t l y co r rec t . One source of error i s due t o the fact tha t 
the kinet ic energy correction discussect above i s neglected. This 
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introduces an error of several per cent in the case of water, however, 
the error is negligible for the more viscous suspensions, A second in-
accuracy is due to the fact that a relationship which holds for Newton-
ian fluids only is applied to non-Newtonian fluids. However, the anal-
ysis is widely used for classifying fluids (See for example, Alves 
(1*9)). 
Equation 10 can be put in the form 
D V p §cD »** „ , , 
_ m . j /-jj) 
* 32Lv 8v hi 
where v is the velocity of flow. The reciprocal of the first factor on 
the right is the rate of shear at the capillary wall and the second 
factor is the shear stress at the same point. When 8v/gcD is plotted 
as ordinate and DAP/hl as abscissa, the viscosity, or apparent viscos-
ity, is given by the inverse slope of the line through the origin and 
the particular ooint in question. The Reynolds numbers that prevailed 
during the experimental runs may also be calculated if the viscosity of 
the suspension is known. Three shear diagrams, showing three lines of 
constant Reynolds number are given in Figures h, 5 and 6. 
A suspension of the same concentration and of identical materi-
als but at a different flow rate will be usea to illustrate the calcu-
lation of the shear diagrams. In Run No. 28, all of the conditions of 
Run No. 27 were duplicated except that a vacuum of U.lt3 millimeters of 
mercury was applied to the flask and the time of efflux was only 2.030 
minutes. Since S3 -58 milliliters of suspension flowed through the cap-
illary in the time interval, the rate 01 shear at the capillary wall 
'0 0.04 0.08 0.12 0.16 0.20 0. 
DAP/4L , g f . /cm
2 
Figure h. Shear Llagrams of Water-Graphite Suspensions Shov;ing Ldnes 
Reynolds Jiunber. 
D A P / 4 L , gf./c m. 
Figure 5 . Shear Diagrams of Water-Attaclay Suspensions Showing Lines of 
Reynolds Number. 
0.02 0.1 0.04 0.06 0.08 0.10 
DAP/4L , g f/cm
2 
Figure 6 . Shear Diagrams of Water-No« 18 Glass Suspensions Showing Lines 
Reynolds Number. 
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was calculated to be 
6V 8 x (53*58/60 x 2.030) _ Q. , „ i_ 1 ^J. -, i 9i g«.sec./g.cm. 
gcD 981x0 .1339
 f 
The pressure drop through the cap i l la ry i s equal to tha t due to the 
head of l iquid in the viscometer plus tha t due to the vacuum applied to 
the f lask and indicated by the mercury manometer. Then for Run No. 28 
^ ' cap i l l a ry ^p 'manometer 
2 » 1.151* x 67.0 + 13.55 x 11.1*3 - 231* g f ./cm': 
The shear s t r e s s may then be calculated d i r ec t ly as 
DAP 0.133° x 231* n _ M , 2 
1*T = U ^ " 0.122 g f . /cm. 
Values of the pressure crop, shear s t r e s s and r a t e of shear are given 
i n Table 5 i n the Appendix. 
Lines of constant Reynolds number were obtained by using ftey-
nolds number in the form 
He = vDp/na , 
where na is the apparent viscosity, and solving for v. This value of v 
was then substituted into the expression for the rate of shear. The 
value of the apparent viscosity was obtained as the inverse slope of a 
point on one of the shear diagrams. As an example, consider the shear 
diagram of the water-graphite suspension containing 8 volume per cent 
solids obtained with the 1.339 mm. capillary shown in Figure 1*. By 
assuming a r a t e of shear of 10,00 g~.sec , / g . c m . , a t a Reynolds number 
of 1500, t h e apparen t v i s c o s i t y was found to be 1.580 c e n t i p o i s e (or 
0.01580 g . / c m . s e c ) . The d e n s i t y of t h i s suspension a t 36 ,0° C, was 
1.073 g . / m l . The r a t e of shear was then c a l c u l a t e d to be 
6V 8Reu-a 8 x 1500 x 0.01580 g ~ . s e c . 
= s - = ; -s = 10.0b - i . 
gcD gcD^p 981 x (0 .1339)
2 x 1.073 g.cm. 
This va lue of t h e r a t e of shear i s i n good agreement w i th the assumed 
va lue and i s shown i n Table 6 , Since the aoparen t v i s c o s i t y of non-
Newtonian suspensions i s not c o n s t a n t , the assumed va lue of shear 
s t r e s s may n o t co inc ide wi th the c a l c u l a t e d v a l u e . However, a second 
c a l c u l a t i o n , based on t h e p rev ious ly c a l c u l a t e d value u s u a l l y gave a 
good check . Ca lcu la ted v a l u e s of t he apparent v i s c o s i t y and r a t e of 
shear c a l c u l a t e d fo r Reynolds numbers of 1500, 1000 and 500 a re given 
i n Table 6 fo r the shear diagrams i n F igures h, 5 and 6 . 
C o r r e l a t i o n of R e s u l t s . — I t has been noted by Bingham and Durham (1911) 
t h a t the f l u i d i t y of a d i l u t e suspension ( p r o p o r t i o n a l t o \i0/[i) d e -
c r e a s e s e s s e n t i a l l y l i n e a r l y w i t h an i n c r e a s e i n c o n c e n t r a t i o n (propor-
t i o n a l t o C/Cs} so t h a t j i f t h i s l i n e a r p o r t i o n were ext ra ioola ted , a 
f l u i d i t y of zero would be i n d i c a t e d a t a r a t h e r low c o n c e n t r a t i o n . 
Bingham and Durham have a l s o shown t h a t the c o n c e n t r a t i o n a t which the 
f l u i d i t y would be zero appears to be independent of the t e m p e r a t u r e . 
As the concen t r a t i on i n c r e a s e s , however, the l i n e a r r e l a t i o n f a i l s and 
a f l u i d i t y of zero i s i n d i c a t e d a t a cons ide rab ly h igher c o n c e n t r a t i o n 
of the s o l i d m a t e r i a l . This h igher c o n c e n t r a t i o n of zero f l u i d i t y a l s o 
appears t o be independent of t e m p e r a t u r e . Grr (1952) has shown t h a t a 
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given concentration of solid material changes the viscosity of the sus-
pension the same relative amount regardless of temperature. Reiner 
(I9h9) states that the change in the viscosity of a suspension with 
temperature is entirely due to the viscosity of the liquid. This is in 
agreement with the above observation. 
A fluidity of zero, which means an infinite viscosity, cannot 
occur unless each particle is in contact on all sides with other parti-
cles, in other words, unless it is in a bed. Measured viscosity-
concentration data permit considerable leeway in locating the point of 
zero fluidity, but smooth curves were obtained in every case by Qrr 
(1952) and by Qrr and DallaValle (195k) when this point was taken as 
that representing conditions in a bed produced by gravity settling. On 
the basis of the above reasoning, Qrr and DallaValle arrived at the 
empirical relationship cited in Chapter I which may be expressed as 
ix0/n - (1 - C/ C s )
k , Qh) 
where the constant k is equal to 1.8. They found that, while not en-
tirely satisfactory, this equation gave better agreement with experi-
mental results than did any of the other relationships given in Chapter 
I with the possible exception of Equation k> which required three un-
known constants and was not checked. 
The value of the constant in Equation lh may be evaluated easily 
by plotting u.0/p. versus (l - C/Cs) on log-log paper, providing a 
straight line is obtained. This is indeed the case, as is shown in 
Figures 7, 8 and 9. rl"he slope of this line is equal to the constant k 
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measured under gravity flow are given in Table k in the Appendix. Val-
ues of the constant k, calculated from the lines in Figures 7, 8 and 9, 
are recorded in Table 2 in the Appendix. 
An examination of the values of k and of the geometric standard 
deviation, a, in Table 2 in the Appendix indicated that they were 
approximately equal. The correlation of these two characteristics is 
more obvious in Figure 10, where k is plotted versus o* on an arithmetic 
grid and on a logarithmic grid. In both cases, a straight line with a 
slope of U$° gives a reasonably good fit. It has therefore been 
assumed that the value of the constant k in Equation lh is equal to the 
geometric standard deviation of the suspended material. The curves in 
Figures 11 through lh were calculated from Equation lh and from the 
equation 
no/li - (i - c/c s)
c . (15) 
The geometric standard deviation was determined graphically from the 
size d is t r ibut ions of the suspended materials shown in Figure 1$ . As 
shown by DallaValle (I9ii8), 
- 8 -̂»13 per cent s ize _ go per cent s ize m . , . 
50 per cent s ize 15-87 per cent s ize 
For example, the geometric standard deviation of the graphite i s 
a = 9.97AM * U.Ul/1.95 =2.26 . 
A cursory examination of factors affecting the viscosities of 
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Figure 10. Arithmetic and Logarithmic Plots of k in Equation lU versus 
the Standard Deviation of the Suspended Materials. 
Figure 11. Reduced Viscosities of Suspensions of Graphite in 
Water and Ethylene Glycol, The Points are Experi-
mental Values and the Lines are Plots'of Equations 
Hi and 15. 
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Figure 12. Reduced Viscosities of Suspensions of Attaclay and 
No. 9 Glass in Water. The Points are Experimental 
Values and the Lines are Plots of Equations lii 
and 15. 
Figure 13. Reduced Viscosities of Suspensions of No. 18 Glass 
and Copper in Water. The Points are Experimental 




Figure lli. Reduced Viscosities of Suspensions of Aluminum in 
Water and Ethylene Glycol. The Points are Experi-
mental Values and the lines are Plots of Equations 
Ik and 15. 
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Figure l£. F&rticle Size Distribution of Solid Components of 
Fluid Systems. 
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considered. However, further examination will show that particle size 
need not be considered except in relation to capillary diameter and 
settling velocity as discussed in the following chapter. It may seem 
surprising that particle size itself should not have some effect on the 
viscosity of the suspension. However, as Reiner (±9h9) explains, the 
energy which a viscous material dissipates per unit volume is an indi-
cation of its viscosity., or of the resistance of the material to flow, 
If a rigid particle is present in the liquid, the additional energy 
dissipated per unit volume due to the particle cannot depend on the 
scale of the system. The volumes of both the particle and the liquid 
decrease as the third power of a linear reduction in scale, and the 
volume concentration is unchanged. However, the surface of the particle 
decreases as the second power and its length as the first power. 
Therefore, neither the surface of the particle nor its length, or size, 
can have any influence on the viscosity, if the scale has no influence. 
This reasoning is based on the assumptions that the shape of the parti-
cle is fixed and that the liquid is completely homogoneous, and fails 
if the shape of the particle changes or the size of the particle ap-
proaches that of the liquid molecules. 
The shapes of the particles used varied from almost perfect 
spheres to flat plates and an attempt was made to evaluate the effect 
of particle shape. It was noted that the settling volume was larger 
for the more nearly spherical particles as well as for those with 
smaller geometric standard deviations. No direct correlation was 
found. However, the effect of particle shape and size distribution on 
viscosity are indirectly considered in the settled volume. 
ko 
CHAPTER V 
DISCUSSION OF RESULTS 
Capillary Measurements *—As may be seen from Figure 3, the calibration 
data for the two capillary tubes used deviated very little from 
straight lines. These lines had identical intercepts but different 
slopes. Further examination revealed that the slopes of the lines are 
proportional to the fourth power of the capillary diameters. This fact 
is in accordance with Equation 12, since the constant a contains the 
diameter of the capillary raised to the fourth power. The constant b 
is independent of the diameter of the capillary and, therefore, should 
be the same for both capillaries. 
Except for the higher concentrations, the shear diagrams in Fig-
ures hy 5 and 6 indicate that most of the suspensions were essentially 
fewtonian fluids. Therefore, the viscosities indicated by the capil-
lary viscometer should be accurate indications of the viscosities under 
all laminar conditions. This is not true for the more concentrated 
suspensions, which are non-Newtonian. The apparent viscosities of 
these suspensions change with an increase in the rate of shear, and the 
viscosities indicated in the viscometer are only the apparent viscosi-
ties at particular rates of shear. For these suspensions, a more de-
tailed study is necessary to evaluate the flow properties. 
Shear Diagrams.—The shear diagrams for three of the suspensions, shown 
in Figures h, 5 and 6, give information about the viscous character of 
ia 
the suspensions which cannot be obtained from viscosity measurements 
alone. As may be seen from the figures, all of these suspensions are 
essentially Newtonian fluids at low concentrations, i.e., the rate of 
shear is directly proportional to the shearing stress. The water-No. 
18 glass suspensions appear to become somewhat dilatant at higher con-
centrations and the apparent viscosity increases with increasing 
shearing stress. Quicksand is another example of a dilatant suspen-
sion. This departure from a straight line may be caused by the intro-
duction of turbulence as discussed below, although the break is usually 
more pronounced when due to turbulence. The water-attaclay and the 
water-graphite suspensions become less viscous with increasing shearing 
stress at the higher concentrations. It is not apparent from the data 
whether these latter suspensions are Bingham plastics or pseudoplas-
tics. A Bingham plastic gives a positive intercept on the shear stress 
axis, while a pseudoplastic gives a curve coming to the origin. Abso-
lute distinction cannot be made between the two types for these two 
suspensions because there are not enough points at low rates of shear 
to establish the lower portions of the shear diagrams accurately. 
As may be seen from the shear diagrams, the slopes of the curves 
decrease rapidly at a Reynolds number of about 1500. Alves (19h9) 
shows that this behavior is typical of turbulent flow. This is taken 
to mean that at this condition the suspensions began to flow turbulent-
ly. A critical Reynolds number of 1500 is lower than usually found. 
It probably results from the fact that the stirring required to keep 
the particles in suspension induced extra turbulence. 
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Correlation of Results.—The substitution of the geometric standard 
deviation for the constant k in Equation la gave reasonably good re-
sults as is shown in Figures 11 through lU. The maximum deviation of 
the experimental points from the calculated lines was obtained with the 
most concentrated solutions. The water-graphite solution containing 
16.00 volume per cent solids was in error by approximately sixty per 
cent and the water-attaclay suspension containing la.00 volume per cent 
was in error by about seventy per cent. All other points deviated less 
than fifty per cent, with most of the points being much closer to the 
calculated value than this. The most obvious exception to this fact is 
the series of runs with the water-No. ° glass spheres. The experimen-
tal points for this suspension are thirty to forty per cent below the 
calculated values, and a line through the points, when extrapolated to 
zero concentration, does not give a relative viscosity of unity as do 
all other suspensions. There are two factors which contribute to this 
result and both are due to the particle size. Since the particles are 
large they have a fairly high settling velocity and tend to settle in 
the viscometer chamber. The result is that the concentration in the 
capillary is higher than the average value in the viscometer chamber 
and a lower relative viscosity is obtained. The other effect is the 
slippage of particles along the smooth walls when the particle size is 
large compared to the diameter of the capillary. Vand (l°a8) has ana-
lyzed this situation and found that the true viscosity is less than 
that indicated by a capillary viscometer. Since the true viscosity 
should be lower, the relative viscosity should be higher than that in-
dicated by the points. 
k3 
As may be seen from Figure 10, for a monodisperse suspension, 
i.e., one with particles having a geometric standard deviation of 
unity, Equation l£ reduces to Equation 6. Kb viscosity measurements on 
purely monodisperse suspensions are known to the author. However, 
Robinson (l°5l) obtained viscosity and settling volume data on three 
sized fractions of glass spheres. The spheres were seperated by re-
peated sedimentation into the size ranges 3 to h microns, h to 10 mic-
rons and 10 to 30 microns. No size distributions were obtained for 
these beads, but based solely on the nominal maximum and minimum size 
in each range, the geometric standard deviation of successive sized 
fractions would be larger, and it would be expected that k would be 
progressively larger for each fraction. This is indeed the case; 
values of k of 1.535 1.76 and l.°2, respectively, were obtained for the 
three sized fractions. 
While Equation 15 leaves much to be desired in the prediction of 
the viscosity of solid-liquid suspensions, it should be remembered that 
none of the constants in this equation need to be determined from vis-
cosity measurements* All of the constants can be determined in most 
cases from easily measured or from previously determined physical prop-
erties of the solid and liquid components. 
If a more extensive survey of viscosity characteristics is 
warranted, the use of Equation ll*, where k is determined experimen-
tally, gives much more accurate results . 
CHAPTER VI 
CONCLUSIONS 
As a r e s u l t of t he work r e p o r t e d i n t h i s i n v e s t i g a t i o n t h e 
fo l lowing conclus ions may be drawn: 
1 . The v iscos i ty of so l id - l iqu id suspensions may be predicted 
with moderate accuracy for suspensions which are approximately Newton-
i an , !_•£•? those with nearly l inear shear diagrams, by means of the 
empirical re la t ionship 
^ / H « (1 - C/C s)
a 
without recourse to experimental v iscos i ty measurements. All of the 
constants i n t h i s equation can be determined from easily-measured or 
from well-known physical propert ies of the sol id and l iqu id components. 
2 , A more accurate indicat ion of v iscos i ty may be obtained by 
the use of the equation 
p.Q/y. - (1 - C/Cs)
k , 




d J * 
1 ao •H 3 
3 H rH 
o Pnfc 
M ft 
.- «3 O -P 
CN\O f̂  o- O fnirv 
CM Os\t\crs\0 ^O t>-
O O O O O O O O O O ' O O O O O O O O 
_^tOJ rH CN -d-^O OO 
I I I 
<H X 
a • - - - ' rH 
m ^ 
$ n 
- ^ J O ^ . f ^ c o o c ^ - O M D c n i s r ^ o c v i O ^ - H 
( n J l A J U M A E ^ H H r n o J _ z r t ^ - H t n O s ^ l A ^ Q 
rH rH CO C O X r \ " U \ ^ ON ON CO O O H v 0 1 A - = t _ Z t O ON O 
H <^\ P—Is- i s - O 
O lAUNCM CNI 1A 
O CvJ CNJ ON ON rH 




-P -H -P 




t " - N O O H H « ^ O f - 0 0 0 0 0 0 0 0 O O r*"\ Q O O 
UN 1A (^ CN CO CO fAlA"LfN_^_3-_cJ-_zf_zJ-^f_^-^-W C\J \Q ^ COVO-^^- ON 
ONONONONCOCOCO O N O N O N O N O N O N O N O N O N O N O H n n t ^ r ^ c ^ i s vo 






m O O C O C O O O Q O O V O V O O ^ V O N O M D O ^ O O O O O O O f~\ 
f0* c'N m or>-LT\ U\ \Q r^ r r \ r^ r^ r r \ r^ r^ r r \ f r^ r ^<r^ i^<v^ r n l c^oNf









t^C^C^C^C^C^C^ONCK^CAON0NC>\O\CAON0NON(S-t ,-0NONON0N C— 
- ^ r - ^ " - ^ - ^ ! - ^ - ^ - ^ ^ ^ r ^ o ^ r ^ r ^ p r \ r ^ r r \ r ^ r r N p n 1 _ ; 3 . ^ . r ^ r ^ r ^ r ^ l _-j. 
O O O O O O O ^ ^ ^ ^ ^ ^ ^ ^ ^ f ^ ^ ^ O O r ^ c n o A c ^ O 
H H H H H H H H H H r H r H r H H H r H H H r H H H 
^ fl • • • ' 
a «H n 









> CO H 
: • . 




\j\\n\J\S=*tr-tr-J=rErS=-£-£r&-J[?-\Jj U) U) U O J Ui \ J J U) U U J ro M N 
W H O V O OO-J o v n - p - w r o H O v o OO-J o v n - t - u j M H OVO OO-O 
s: ̂  - s:s; E: £ • 
p P u> {£ (5 P HO P ! • • P 
£ £ 
d " 
CD ST fl ct d -CO • <T> CD H ft) 
4 4 •. 4 --. i .: 4 4 4 4 
£ ; h 
4 




• - P P pi P P W P3 pj pa 
5, = a •d U t T 
hcf 
tr r̂ tr 










p . p . 









d - c+ 
CD CD 
(U P P) 
ft) CD CD 






*o *a cr ^ 












hcj T J *d 
see 
d - d* d -
























M H H1 H H H 
V O V D V O V O O O O O O O 
p j p j p j p j p j p j p j ^ p j p j p j p j p j p j p j 
ro r o i \ 5 i \ > t \ 3 U j w u j u j V j j u j C N O O N O C N 
O H M W > J > I - < J - < I - > J - J O O O O O O O O 
l o W M V n O O C O V O V J V O ^ O O O O O O O O O 
OO O O Q Q O 
































l ^ H p J H H H H H H H H H H H H H P J H H p J H H p J P J P J H 
o o o o o o o o o o u u u u C j u u j u j u j b b u u j u C j U ) 
J ^ - P ' - t - ^ ^ ' - t - i r - ^ ^ j r - u j v ^ U j v ^ J U J U t V j o V j j V J O - E ^ - P ^ U ) U) U> V*> U> 









H j fD 
d-
4 
O D O U U ) C D C O ^ ) - < I - < J S 1 U ) V ^ \ J J U J U J I J J U J U ; U ) 00 OO U J V^J U J U J VJO 
U J O CD O UJ ^ VO V3 V) V) C M J \ Q \ Q\ C M } \ ON C M } \ O H Ov ON ON ON Ov 












( _ J 1 _ J ( _ 1 H l _ , p j H M H l _ i ( _ . p J H | _ . p j | _ . ( _ j | -
J H . ; 
O O O O O O O Q O O f - J H H H M H H I - J H M H I - , l - - ' ( - J l - ' l - J **v, 
Vn-< oov) O N O O O V O N O O O O C O M ro ro r o t " j r \ j \ U i \ n \ A U T , S 
oovn4=-o ON O v o v o V) vo vnu\vnvji .vn.\ j j VUJU; UJ H H 4^--p--Fr--tr--P~ P 
^ p g 
d- P- d-
cb p ,^ 
s o 
: 
Table 1 (Continued). Experimental Calibration and Viscosity Data. 
Volume of Diameter Temperature Densi ty of Vacuum 
Run Sol ids i n of of Fluid F lu id Time of Applied 





( g . / m l . ) 
Eff lux 
(min.) 
t o F lask 
(mm. Hg) {%) 
S3 Water-Graph!te 9.03 1.01*7 83.5 1.058 2.050 0 
5k Water -Gr aphi t e 9 .01 1.01+7 66.5 1.056 2.091 0 
$$ Water-Graphi t e 9 .01 l.Ott-7 86.5 1.056 2.120 
56 Water-Graphi t e 8.00 1.339 36.0 1.073 2.256 0 
5? Water-Graphi t e 8.00 1.339 36.0 1.073 -j- * \j\j\j 3.62 
58 Water-Graphi te 8.00 1.339 36.0 1.073 0.777 6.25 
$9 Water-Graph!te 8.00 1.339 36.0 1.073 0.670 8.05 
60 Water-Graphi t e 8.00 1.339 36.0 1.073 0.553 10.85 
61 Water-Graphi te 8.00 1.339 36.0 1.073 0.1*23 15.30 
62 Water-Gr aph i t e 6.98 1.01*7 77.2 1.01*2 1.906 0 
63 Water-Graphi t e k.lk 1.01*7 75.7 1.020 1.51*3 0 
6k Water -Gr aphi t e k.lk 1.0l*7 79-5 1.017 1.1*80 0 
6$ Wat er -Gr aphi t e i t .73 1.01+7 86.1* l.Oll* 1.398 • : 
66 Water-Graphite l+.oo 1.339 36.0 1.033 1.107 0 
67 Water-Graphite ii.oo 1.339 36.0 1.033 0.71*3 2.1*5 
68 Water-Graphite 1*.00 1.339 36.0 1.033 0.587 1+.83 
69 Water-Graphite I* .00 1.339 36.0 1.033 0.500 8.15 
70 Water-Graphi t e 2.00 1.01+7 72.3 0.997 1.375 0 
71 Water-Graphi t e 2.00 1.01*7 72.k 0.997 1.383 
72 Water-Graphi t e 1.89 LOU? 73-3 0.996 1.370 : 
73 Water -At tac lay l i i .00 1.339 36.0 1.209 6.630 0 
Ik Water-At tac lay Hi .oo 1.339 36.0 1.209 1.71+7 12.2 
75 Water -At tac lay li+.OO 1.339 36.0 1.209 1.230 23.2 
76 Water-At tac lay m.oo 1.339 36.0 1.209 0.830 30.1* 
77 Water -At tac lay m.oo 1.339 36.0 1.209 0.607 U2.2 
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Table 1 (Continued). Experimental Calibration and Viscosity Data. 
Volume of Diameter Temperature Density of Vacuum 
Run Solids in of of Fluid Fluid Time of Applied 
Ho. Fluid System Fluid System Capillary System System Efflux to Flask 
CO (mm.) (°c) (g./ml.) (min.) (mm. Hg) 
1Q5 Water-Attaclay 0.868 1.01*7 36.0 1.008 2.0U3 C 
106 Water-Mo. 18 Glass 30.00 1.339 36.0 1.553 1.332 0 
107 Water-No, 18 Glass 30.00 1.339 36.0 1.553 0.880 i*.82 
108 Water-No. 18 Glass 30.00 1.339 36.0 1.553 0.717 8.08 
109 Water-No. I P ryifieo -U\w' '-JJ-aO'-' 30.00 1.339 36.0 1.553 0.573 12.85 
110 Water-No. 18 Glass 20.00 1.339 36.0 1.368 1.110 0 
111 Water-No. 18 Glass 20.00 1.339 36.0 1.368 0,890 1.66 
112 Water-No. 18 Glass 20.00 1.339 36.0 1.368 0.770 3.25 
113 Water-No. 18 Glass 20.00 1.339 36.0 1.368 0.617 5.90 
ixU Water-No. 18 Glass 20.00 1.339 36.0 1.368 0.560 8.03 
115 Water-No. 18 Glass 20.00 1.339 36.0 1.368 0.1*77 10 0*0 
116 Water-No. 18 Glass 15.00 1.339 36.0 1.271* 1.023 0 
117 Water-No. 18 Glass 13.08 1.339 36.1 1.237 0.990 0 
118 Water-No. 18 Glass 10.00 1.339 36.0 1.180 0.967 0 
119 Water-No. 18 Glass 10.00 1.339 36.0 1.180 0.953 0.11 
120 Water-No. 18 Glass 10.00 1.339 36.0 1.180 0.770 1.65 
121 Water-No. 18 Glass 10.00 1.339 36.0 1.180 0.61*7 3.3$ 
122 Water-No. 18 Glass 10.00 1.339 36.0 1.180 0.587 5.16 
123 Water-No. 18 Glass 10.00 1.339 36.0 1.180 0.557 7.18 
121 Water-No. 18 Glass 5.oo 1.339 36.0 1.087 0.917 0 
125 Water-No. 18 Glass 5.oo 1.339 36.0 1.087 1.630 -2.00 
126 Water-No. 18 Glass 5.oo 1.339 36.0 1.087 0.730 1.73 
127 Water-No. 18 Glass 5.oo 1.339 36.0 1.087 0.680 3.00 
128 Water-No. 18 Glass 5.oo 1.339 36.0 1.087 0.620 2* .86 
129 Water-No. 9 Glass 21.56 1.339 36.0 1.391* 1.1*90 0 
130 Water-No. 9 Glass 16.60 1.339 36.0 1.30b 1.3^0 0 
(Continued) 
Table 1 (Concluded). Experimental Calibration and Viscosity Data. 
Volume of Diameter Temperature Dens i ty of Vacuum 
Hun So l id s i n of of Flu id F l u i d Time of Applied 
No. F l u i d System F l u i d System C a p i l l a r y System System Eff lux t o F lask 
w (mm.) ( ° C ) ( g . / m l . ) (min.) (mm. Hg) 
131 Water-No. ° Glass 9.hO 1.339 36.0 1.169 1.210 0 
132 Water-No. 9 Glass 1.20 1.339 36.0 1.036 1.070 
133 Water-Alumi num 5.30 1.339 36.0 1.072 2.020 0 
131; Wa ter-Aluminum 3.25 1.339 36.0 1.01+7 1.770 0 
135 Water-Aluminum 2.10 1.339 36.0 1.026 1.333 0 
136 Water-Copper 19.05 1.0li7 36.0 2.373 2.597 
137 Water-Copper 17.00 LOltf 36.0 2.223 2.313 . 
138 Water-Copper Hw 99 1.339 36.0 2.080 0.983 0 
13° Water-Copper 12.1*7 l.Gttf 36.0 1.899 1.987 • ' • • 
lliO Water-Copper 11.00 1.339 36.1 1.788 0.887 0 
Ha Water-Copper 10 .7° 1 . .47 36.0 1.775 1.873 c 
3i*2 Water-Copper 9.15 l .<47 36.0 1.655 1.873 0 
lk3 Water-Copper 8.08 1.339 36.0 1.580 0.837 0 
Uih Water-Copper 7.92 l.cLl 36.0 1.566 1.880 : 
lhS Water-Copper 6.70 iMl 36.0 l . l i77 1.860 0 
2h6 Water-Copper 5.00 1.01*7 36.0 1.356 1.883 . 
3JU7 Water-Copper U.60 1.339 36.0 1.325 0.633 
1U8 Water-Copper 3.3$ 1 . A 7 36.0 1.232 1.897 D 
l i t? Ethylene Glycol-Graphi te 20.0 1.339 50.0 1.516 216.27 
150 Ethylene Glycol-Graphi te 13.03 1.339 50.0 1.289 38.13 0 
151 Ethylene Glycol-Graphi te 7.Ill 1.339 5o.o 1.198 20.98 0 
152 Ethylene Glycol-Aluminum 3.18 1.339 36.0 1.161 1*6.27 0 
153 Ethylene Glycol-Aluminum 2.10 1.339 36.0 1.143 35.78 
52 
Table 2. Constant Properties of Fluid Systems 
Densi ty Median Value of Volume of 
of P a r t i c l e S tandard k i n So l id s i n 
F l u i d System P a r t i c l e s 
Cg. /ml.) 
S iae Devia t ion Equation ll* S e t t l e d Bed 
(microns} TO 
Wate r -Graph i t e 1.99 Iwiil 2.26 2.38 26.1* 
Water -At tac lay 2.535 1.20 1.98 1.72 18.2 
Water-No. 18 2.86 35.0 1.1*2 1.26 51.0 
Glass 
Water-No. 9 2 .86 260 1.27 1.1*8 60.2 
Glass 
Water-Aluminum 2.70 10.2 2.1*5 2.32 12 .1 
Water-Copper 8.23 3.20 2.28 2.61* 51*.i 
Ethylene Glycol-- 1.99 U.10. 2.26 2.03 27.6 
Graphi te 
e thy lene Glycol-- 2.70 10.2 2.145 1.5k 8.9 
Aluminum 
• 
Table 3* Calibration of Instrument Constants from Equation 12.* 
Calcu la ted •0 J t , 
from C a p i l l a r y Kinematic Time of 
Runs No. Diameter 
(mm.) 
V i scos i t y 
( c e n t i s t o k e ) 
Eff lux 
(min.) 
pt t 2 
( c e n t i s t o k e - (min?) 
min.) 
1 , 2 1.01*7 0.8021* 2.138 1.715 U.571 
3, k l.olt7 0.6826 1.850 1.269 3.1*22 
$, 6 1.0i*7 0.5560 1.555 0.865 2.1*18 
7 1.01*7 0.1*768 1.377 0.657 1.896 
20, 21 1.01*7 1.153 3.001 3.1*60 9.006 
8, 9 1.339 0.9956 0.803 0.736 0.81*5 
10 1.339 0.7120 0.838 0.597 0.702 
22, 23 1.339 1.151* 1.255 1.1*1*7 1.575 
2k, 25 1-339 1.979 1.927 3.551 3.713 
*For 1.0l*7 mm. Capillary, a = 0.391*8 and b = 0.092. 
For 0.339 mm. Capillary, a - 0.9800 and b - 0.092. 
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Table 1* (Concluded) • Calculated Values of Viscosity and Related 
Functions» 
Calcu la ted Reduced 
from Volume of Reduced 
1 - C/Cs Runs No. S o l i d s V i s c o s i t y V i s c o s i t y 
( c e n t i p o i s e ) 
106 0.588 2.005 0.353 0.1A2 
110 0.392 0.1*50 0.1*88 0.608 
116 0.291* 1.163 O.608 0.705 
117 0.256 1.085 0.652 0.71*1* 
118 0.196 1.006 0.701* 0.801* 
122* 0.098 0.869 0.811* 0.902 
129 0.358 1*91*7 0.363 0.61*2 
130 0.276 1.623 0.1*36 0.721* 
131 0.1^6 1.296 0.51*6 0.81*1* 
132 0.020 0.996 0.710 0.980 
133 0.1*38 2.081* 0.339 0.672 
13l* 0.269 1.761 0.1*02 0 .731 
135 0*171* 1.298 0.51*5 0.825 
136 0.352 2.3U9 0.301 0.61*8 
137 0.31*4 1.91*2 0.36I* 0.686 
138 0.277 1.810 0 .391 0.723 
139 0 .231 1.395 0 .506 0.769 
lljO 0.201; 1.368 0.517 0.796 
l l i l 0.200 1.230 0.575 0.800 
3JU2 0.169 1.11*3 0.618 0 .831 
1U3 0.11*9 1.122 0.630 0 .851 
1 1 * 0.1U6 1.086 0.652 0.851* 
US 0.121* 1.010 0.700 0.876 
11*6 0.092 0.91*2 0.750 0.908 
11*7 0.085 0.936 0.755 0.915 
li |8 0.062 O.863 0.820 0.938 
ll*9 0.725 13U.1 0.052 0.275 
150 0.1*71 20.11 0.3U8 0.529 
151 0.268 10.28 0 .681 0.732 
152 0.357 21.97 0.505 0.61*3 
153 0.236 16.72 0.661* 0.761* 
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Table 5 (Concluded). Calculated Values of Points on Shear 
Diagrams. 
Calculated Mean Pressure 
from Drop through 
Run No. Viscometer 


































Stress Rate of Shear 
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Table 6. Calculated Values for Lines of Constant Reynolds Number 










Water -Gr aphite 
Water-Graphite 
Water-Graphite 








Wat er-Att aclay 
Water-At t aclay 






































































































































































Ho. 18 Glass 




Acheson g r a p h i t e , manufactured by Nat ional 
Carbon Company, Niagra F a l l s , N. Y. 98.5 
weight per cen t through 200-mesh s c r e e n . 
At tapulgus c l a y , r e f i n e d by the Attapulgus 
Clay Company, Ph i l ade lph i a $, Pa . 
Glass spheres ;.ianufactured by the 1'Iinne-
so t a k in ing and Manufacturing Company, 
Sa in t Pau l , Minn. 
Same as No. 18 Glass except l a r g e r spheres 
Copper powder supp l ied by A. G. kackay, 
198 Broadway, New York, N. Y. 
Aluminum powder manufactured by the 
Aluminum Company of America, P i t t s b u r g , 
Pa . Five weight per cen t r e t a i n e d on 100-
mesh s c r e e n , 75 weight per cen t passed 
through 325-mesh s c r e e n . 
$9 
DERIVATION OF POISEUILLE'S IM AND THE MEAN LOGARITHMIC HEAD 
Derivations of Poiseuille's law may be found in many textbooks. 
The following derivation of this law and of the mean logarithmic head 
are essentially the same as those used by Qrr (1952) and the credit is 
due to him for the arrangement used. 
Sir Isaac Newton defined the coefficient of viscosity of an 
ideal liquid as the numerical value of the tangential force on a unit 
area of one of two parallel planes a unit distance apart when the space 
between the planes is filled with the liquid in question and one of the 
planes moves with unit velocity in its own plane relative to the other. 
Expressed mathematically, this is 
F « uv/x , (17) 
where F is the force, v is the velocity, x is the distance of separa-
tion, and [x is called the coefficient of viscosity. Since the velocity 
of the liquid changes continuously, this equation may be written with 
differentials as 
F » n dv/dx . (18) 
/̂  \ f | / \ Consideration of this equation 
and of the conditions imposed when a 
•iiP 
liquid flows through a tube permits 
tiie derivation of a readily usable 
expression. With the tube horizontal 
60 
so that the weight of the liquid is of no influence, let pressures be 
applied to both ends of the tube such that a net pressure, AP, is exer-
ted as shown in the sketch on the previous page. If the liquid was 
originally at rest, it will move with ever-increasing velocity until 
the viscous resistance just balances the driving pressure. The con-
dition for equilibrium may be written for the liquid cylinder of length 
p 
L and r a d i u s r., . The c r o s s - s e c t i o n a l a rea of the c y l i n d e r i s nr , , and 
o 
if AP is the pressure per unit area, the driving force is nr-, AP. The 
viscous resistance, F per unit area, acts on the siaes of the cylinder 
of area 2nr-,L with a total force of 2nr-jLF. Since equilibrium condi-
tio.is prevail, 
2HT-LLF • nr-^AP , (19) 
or 
F - r-,AP/2L . 
Therefore , using Equation 18 , 
dv * APc^ dr1/2LM, . (20) 
Equat ion 20 may be i n t e g r a t e d , y i e l d i n g 
v = APT1
2ALii + c . (21) 
It has been found that, without exception, an ideal (or Newtonian) 
liquid adheres to the wall so that no slipping occurs; v is therefore 
zero when r-, = r, and 
v = aP(r2 - rx
2)/hLy. . (22) 
61 
The veloci ty d i s t r ibu t ion , therefore , follows a parabola. As may be 
seen, dv/dr-. vanishes for r = 0 , meaning tha t the parabola has a tan-
gent normal to the axis there and that there i s , furthermore, no cusp, 
corner, e t c . , a t t ha t po in t . 
The maximum veloci ty a t the center of the tube (r = 0) i s 
%ax " * J * 2 A ^ • (23) 
The volume of flow in a cer ta in time i s more convenient to use than the 
veloci ty of flow; therefore, by the well-known formula for the volume 
of a ro ta t iona l paraboloid, the two quant i t ies are r e l a t ed by 
VA " "^max/ 2 • W 
Combining these last two equations results in the relationship which is 
known as Poiseuille's law, 
V = nr^APt/8L^ . (25) 
Poiseuille's law was derived so that an important point might be 
brought out. As discussed in the text, Poiseuille's law may be written 
as 
, i - S £ . 5 £ . ( 2 6 ) 
8v kL 
The last term, DAF/2±L, may be seen by Equation 1° to be nothing but 
the shearing stress at the internal surface of the tube. The term 
gcD / 6V is therefore the rate of shear at the same place. 
If P is expressed as the effective head causing the flow in the 








By referring to the accompanying sketch, it may be 
seen that 
2 
dV = - ̂ -ndH , 
4 
(28) 
and that, therefore, upon substituting Equation 28 






TipD^g d t 
32 uoc2nL 
(29) 
is obtained, which, upon integration, becomes 
I n ^ y ^ ) = - pDilgt/32nx2L (30) 
- PD^gt ^V 
" 128u-V i?L 
Equation 30 may be rearranged to give 
uV 128UXY 
x*n l n ^ / ^ ) "npgD^t 
(3D 





while, from Equation 28, if it is integrated between the limits of 
V = 0 to V = V and H = H to H » Hp, it is evident that 
V = X2JI(H-L - H 2 ) A • 03) 
Combining Equations 32 and 33 , the result that 
H • H l - H2 
InCH-L/Hg) 




fraction of volume occupied by solid particles 
fraction of volume occupied by solid particles 
at "zero fluidity" 
fraction of volume of a sedimented bed occupied 
by solid particles 
Centigrade 
centimeters 
diameter of capillary 
constant 
force 




effective head of fluid 
head of fluid at beginning of determination 
head of fluid at end of determination 
mercury 
c ons tant 






Re Reynolds number 
r radius of capillary 
r, distance from center of capillary 






v maximum velocity max J 
x distance 
AP pressure drop 
\x viscosity of fluid 
u-a apparent viscosity of suspension 
u. viscosity of liquid phase of suspension 
v kinematic viscosity of fluid 
p density of fluid 
p 0 density of liquid phase of suspension 
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